We construct the Bardeen anomaly and its related Wess-Zumino term in the supersymmetric standard model. In particular we show that it can be written in terms of a composite linear superfield related to supersymmetrized Chern-Simons forms, in very much the same way as the Green-Schwarz term in four-dimensional string theory. Some physical applications, such as the contribution to the g-2 of gauginos when a heavy top is integrated out, are briefly discussed.
I. Introduction
The experimental fact that the mass of the top quark is much larger than all the other quark and lepton masses has recently led several authors to study the behaviour of the electroweak theory in the regime of infinite top quark mass [1, 2] .
This mathematical limit is not only useful for computational purposes but it is also a rich laboratory where one may investigate the interplay between gauge anomalies and non-decoupling of heavy particles which are originally chiral with respect to a gauge group G which is then spontaneously broken to an anomaly free subgroup H by the Higgs mechanism, giving then an H-invariant mass to the fermions through (G-invariant) Yukawa couplings.
The best evidence of non-decoupling of heavy fermions with large Yukawa couplings (while keeping the Higgs v.e.v. fixed) is the phenomenon of anomaly cancellation via Wess-Zumino terms obtained by integrating out the heavy fermions in loop-diagrams. Since H is anomaly free only the generators of G/H are anomalous and then the Wess-Zumino term just cancels these anomalies. In the electroweak theory the structure group is G = SU (2) L × U (1) R and H is the electromagnetic U (1) subgroup of G.
In the present paper we extend this analysis to the supersymmetric version of the standard model where now the entire (chiral) top multiplet is integrated out and we investigate the interplay between gauge anomalies and supersymmetric
Wess-Zumino terms.
In the supersymmetric case new phenomena occur with respect to the conventional theory [2] : i) A gauge anomaly induces a supersymmetry anomaly, because of the WessZumino gauge-fixing condition.
ii) The supersymmetric version of the Wess-Zumino term is not only gauge variant but also violates supersymmetry. Indeed its gauge variation cancels the gauge anomaly while its supersymmetry transformation cancels the supersymmetry anomaly.
iii) The violation of supersymmetry due to supersymmetry anomalies also manifests itself in gauge-invariant processes involving the Higgs particles, the vector bosons and gauginos such as the H ± W ∓ γ vertex and the magnetic moment of charged gauginos. It also gives corrections to the Higgs scalar potential.
In the electroweak theory, due to the fact that the non-abelian part of G, based on SU (2), is anomaly free, and that H, based on U (1) em , is abelian, the specific form of the Wess-Zumino term which cancels the Bardeen anomaly is fairly simple and in fact can be viewed as a four-dimensional version of the GreenSchwarz mechanism occuring in certain 4D strings [3] . The main difference here is that the antisymmetric tensor b µν is not a fundamental field but a composite field made out of the Goldstone fields and of the gauge fields.
This observation allows us to derive a fairly simple supersymmetrization of this term, working in N = 1(4D) superspace, without making use of the rather complicated formulae of the non-abelian gauge supersymmetry anomalies derived by different groups some years ago [4, 5, 6] .
II. Bardeen Anomaly Revisited and its Wess-Zumino Term
We start by reminding some properties of the four-dimensional gauge anomaly.
Given a gauge group G based on a structure group G, for each symmetric invariant polynomial P of degree 3 on Lie G, one can construct a corresponding gauge anomaly:
where M 4 is spacetime, α the gauge parameter, and A the gauge field. Here a form language has been used (AB = A ∧ B). The corresponding Wess-Zumino action is [7] Γ W Z (A, g) =
where g(0) = identity, g(1) = g (e.g. g(t) = e itξ , if g = e iξ , ξ ∈ Lie G).
To discuss the anomalies and related W-Z action for the standard model we have actually to depart from the consistent chiral anomaly and consider the Bardeen anomaly [8] since we are interested in the electromagnetic gauge invariant
Here we are using at first a general method, described in ref. [7] , to obtain a (generalized) Bardeen anomaly and Bardeen W-Z action on G/H, where H is required to be an anomaly free subgroup of G which means that the invariant polynomial P vanishes when Lie G is restricted to Lie H. The Bardeen anomaly is then
where
for α ∈ Lie H. Explicit expressions are known for G B , ∆ B as well as for the W-Z action [4, 9] which, by virtue of (3), is simply given by
The point is that Γ B W Z is H gauge invariant and therefore depends only on the coset elementsĝ in G/H. Hence
In the case of the standard model a major simplification occurs because of the particular structure of the G = SU (2) × U (1) and U (1) em groups. In fact G does not have any non-abelian anomaly and H is abelian.
The invariant polynomial is taken to be
and
The fields W and B correspond, respectively, to the SU (2) and U (1) components of the gauge connection A. In this case it is easy to get ∆ B and we obtain:
where Q(W ) is the Chern-Simons three-form with the propery
Q(W ) can be written in terms of a one-parameter family of (interpolating) gauge
For different choices of W (t) we obtain gauge-equivalent Q(W ), i.e. Q(W ) = Q(W ′ ) + dP , where P is a two form. The choice W (t) = tW yields the standard expression
with gauge transformation
We work in the doublet representation of SU (2) so that W 3 dB → 2T r W dB where B = Bσ 3 /2.
The U (1) anomaly is:
The SU (2) anomaly is ( α = α 3 , α i , i = 1, 2):
so that
The associated Γ B W Z is then given by
where (g 0 , g i ) denotes the group element of G transforming as g 0 → g 0 − α, g → ℓg under G, and ∆ B is given by eq. (9).
From eq. (16) we get
Hence we recognize that
while
Also J(g, A) can be made completely U (1) × SU (2) invariant by noticing that we may covariantize dg 0 → dg 0 + B by terms which vanish when inserted in eq. (19):
which satisfies
Also the gauge invariance of eq. (18) implies that we may restrict g to the coset element U U = e
Therefore we can finally write
. The U -dependent part reproduces the consistent anomaly, while the other part reproduces −δ∆ B .
We may now make some further useful remarks. Let us first consider the object (J GW is a three-form dual to the Goldstone-Wilczek current):
It identically satisfies
This implies that J(U, A) can be locally written as the (exterior) derivative of a two-form T (antisymmetric tensor T µν ) as follows
By explicit calculation it turns out that
Hence
with
This implies
By virtue of eqs. (15), (16) and (38), the full W-Z term can be written as
Note that the SU (2) gauge transformation
implies that
In an analogous manner, adding the U (1) hypercharge transformation we have
which implies:
For T 3 we have:
We recognize that the transformation laws for T are those of an antisymmetric tensor in string theory [3] . The only difference is that in the standard model T is a composite field constructed out of the Goldstone matrix U and the gauge fields A(W, B).
III. Supersymmetric Gauge Anomalies in the Wess-Zumino Gauge
In a supersymmetric gauge theory in D=4 dimension the supersymmetric form of the Yang-Mills anomaly and the corresponding Wess-Zumino lagrangian were found in refs. [4] [5] [6] . It was also found that there is no non-trivial supersymmetric global anomaly [10] in superspace (where the supersymmetry transformation laws are linear, and Lorentz invariance is not broken).
For the physical applications supersymmetry is usually formulated in the Wess-Zumino gauge [11] in which the supersymmetry algebra is modified and the supersymmetry transformations become non-linear [12] . In fact:
where δ Λ is a superspace transformation with chiral parameters
Due to this fact it follows that the superspace chiral gauge anomaly induces, in component fields, both an ordinary gauge anomaly G(α) and a (global) supersymmetry anomaly S(ǫ). If we take
and we insert this expression into the superfield formula for the gauge anomaly with the gauge field V in the Wess-Zumino gauge:
eq. (49) gives for G(α) and S(ǫ) the same expressions found for the solutions of the component form of the W-Z consistency conditions [14] :
up to δL where L is a local functional of V W Z .
It has been shown in ref. [6] that S(ǫ) is cohomologically non trivial in the sense that S(ǫ) = δ ǫ L, in the Wess-Zumino gauge.
As noted in ref. [15] , the non-vanishing of S(ǫ) implies that, in a gauge theory with anomalous fermion content, supersymmetry is broken by loop effects even if the original classical action is supersymmetric. A typical example is the breaking of the supersymmetric sum rules [16] relating the magnetic transitions of members of charged vector multiplets (containing the W bosons) in the supersymmetric standard model. The feedback of this phenomenon is that the integration over the top supermultiplet produces an effective action with supersymmetry violating terms, due to the supersymmetric Wess-Zumino term previously discussed.
Let us make an excursion into the W-Z terms [17] and their supersymmetric extension.
Because of eq. (49), the W-Z terms of a supersymmetric theory should be given by the usual SUSY W-Z terms, derived in ref. [4] , computed in the W-Z gauge.
The supersymmetric W-Z term for the chiral anomaly, A(Λ, Λ † , V ), in superspace is obtained through the same rule as the usual W-Z, namely [14] :
whereΣ ≡ dΣ/dt, and Σ(t) = e itξ is a (one-parameter family) gauge (chiral) group element.
Since Γ S W Z is invariant under (linear) supersymmetry transformations, it exactly follows that:
because of eqs. (46) and (47).
Using the expression of the consistent anomaly in eq. (1), one obtains the linearized part of the W-Z action
which has an obvious supersymmetric extension
where F a α =D 2 D α V a is the abelian gauge field strenght of the (non-abelian) field
The component expression of eq. (56) corresponds to the formula of ref. [13] :
Eq. (56) reduces to the exact form of the anomaly or of the W-Z term in the abelian case with gauge transformation δξ = Λ (59)
IV. Supersymmetric Bardeen Anomaly and its Wess-Zumino Term
Eq. (5) can be supersymmetrized, provided we know the supersymmetric form of ∆(A). Then in superspace we would get
The advantage of eq. (25) is that it involves only Chern-Simons (C-S) forms and therefore it can be supersymmetrized in a simple way using the C-S multiplets [18] Ω(V ) with the property
It is possible to give an explicit form for Ω(V ) in terms of a one-parameter family of interpolating vector superfields V (t) (0 ≤ t ≤ 1, V (0) = 0, V (1) = V ), which generalizes eq. (14) . This expression reduces to the formula given in ref. [18] for the particular choice V (t) = tV .
Let us introduce the quantities
By using the following property of spinorial derivatives
one can derive the following superspace Bianchi identity
which implies
Here we used the property
By means of eq. (68) and using the same argumets as in ref. [18] one easily finds
Notice that, in analogy with the bosonic case, the choice of the interpolating path V (t) introduces an arbitrariness in the definition of Ω. Two different C-S multiplets, Ω 1 (V ) and Ω 2 (V ), corresponding to two different paths
obey, by virtue of eq. (62)
This equation implies that
where L(V ) is a linear multiplet [11] . By dimensional arguments it has the form
where P α (V ) is an unconstrained superfield built in terms of V and D α V . Eqs. (71), (72) express the gauge equivalence of Ω 1 and Ω 2 with respect to superspace gauge transformations. In order to supersymmetrize the counterterm ∆ B of eq. (9) we also need the analog of the Q(W 3 , B) mixed C-S three-form. It reads
The superfieldŴ 3 is defined below, by eqs. (82),(83). Note that Ω(Ŵ 3 , B) is a linear multiplet since
The supersymmetrized form of ∆ S gives rise to the supersymmetric Bardeen anomaly provided that under the infinitesimal Λ 3 supergauge transformation
W 3 and Ω(W ) transform as follows
If this is the case, the supersymmetric Bardeen anomaly takes the form (i = 1, 2)
This equation is obtained by adding to the SU (2)-invariant mixed anomaly
the SU (2) × U (1) gauge variation of ∆ S , given by
It is worth commenting on the uniqueness of A B , given by eq. (78), and its re- In the bosonic case, the expression given in eq. (15) is unique if CP conservation is assumed [1] . In the supersymmetric case, due to the non-polynomial structure of the gauge-field transformations, this result does not follow in any obvious way from the non-supersymmetric case.
To obtain eqs. (76) and (77) we first have to construct new gauge field variablesŴ 3 ,Ŵ i such that, under σ 3 Λ 3 gauge transformations
As explained in the appendix, this is achieved by defininĝ
In terms of these variables we have
To obtain eq. (77) we first define anΩ(W ) through a particular interpolating path W (t), such that, under a σ 3 Λ 3 transformation
for some specific choice of the gauge-transformation interpolating path Λ 3 (t). If these interpolating paths exist then
One easily verifies that eq. (85) holds when the path is chosen as follows
Inserting eqs. (87), (88) into eq. (86) we finally obtain eq. (77).
Let us notice that at the linearized level, that is for the terms in Ω quadratic in the gauge superfields, the path given in eq. (87) gives the same C-S form of the path W (t) = tW . Thus, eq. (77) reduces to the abelian gauge transformation eq. (21) . The same holds for the complete non-abelian transformation in the Wess-Zumino gauge.
We therefore obtain a superfield formula for Γ SB W Z in the supersymmetric standard model as follows
At the linearized level it reduces to
and its component expression gives
The terms proportional to G a and G 3 in Γ SB W Z is the ordinary W-Z term whose gauge variation gives the gauge anomaly, while the terms proportional to χ a , χ 3 and h a , h 3 are responsible for the supersymmetric anomaly due to the anomalous supersymmetry transformation of χ and h. Finally, the term proportional to the pseudogoldstone H a does not contribute to the anomaly, but is required by supersymmetry.
In the supersymmetric case the multiplet
is a linear multiplet [19] (DDL W = DDL W = 0) and so it is the multiplet
In fact Ω(Ŵ 3 , B) itself is a linear multiplet given by
Then we conclude that
is a linear multiplet with (L(U = 1) = 0). So the full supersymmetric W-Z term can be written as
and it is precisely analogous to the supersymmetric form of the Green-Schwarz term [3, 18] with a composite linear multiplet L(U, W, B).
Eq. (97) is the supersymmetric version of eq. (25).
A linear multiplet can be locally solved as
(with U α defined up to terms
At the linearized level in the
The most general form of U α (U, W, B) can be constructed from the identity
then we find the following formula for U α
By means of eq. (98), integrating by part eq. (97), we obtain the supersymmetric counterpart of eq. (39):
At the linearized level, by using eq. (99), the above formula reproduces eq. (91).
V. Conclusions
We would like finally to comment on some physical effects of the supersymmetric Wess-Zumino term as given by eq. (97).
Already at the linearized level (eq. (92)) we see that, beyond the usual terms of the non supersymmetric case, there is a contribution to the HW γ coupling and to the magnetic moment of the gauginos. Also the auxiliary fields give a correction to the scalar Higgs potential as well as to the gaugino Yukawa couplings. These terms can be obtained, by explicit computation, sending to infinity the top (or bottom) Yukawa couplings in loop diagrams, as already shown for the g-2 in some examples [15, 2, 20] . Quite independently, Wess-Zumino terms have broader applications in any context where some fermions contributing to anomalies are replaced by some bosonic fields interacting with gauge fields.
It is easy to see that no field redefinition of the form
exists, such that eq. A.6 holds in any supersymmetric gauge. However it is possible to define newŴ a such that A.6 is verified for Λ = Λ 3 σ 3 /2. Indeed, let us set
A.8
From eq. A.6 and A.4, we obtain the following differential equation
whose solution is g(ξ) = λ sinh ξ ξ .
A.10
We set the arbitrary constant of integration λ equal to 1/2; thus,
Next, we defineŴ 3 aŝ 
